ON THE CLASS OF CAUSTICS BY REFLECTION 



ALFREDERIC JOSSE AND FRANgOISE PENE 



Abstract. Given any light position <S G and any algebraic curve C of (with any kind 
of singularities), we consider the incident lines coming from S (i.e. the lines containing S) and 
their reflected lines after reflection off the mirror curve C. The caustic by reflection ^^(C) is the 
Zariski closure of the envelope of these reflected lines. We introduce the notion of reflected polar 
curve and express the class of Es (C) in terms of intersection numbers of C with the reflected 
polar curve, thanks to a fundamental lemma established in [14| . This approach enables us to 
get an explicit formula for the class of ^s{C) in every case in terms of intersection numbers of 
the initial curve C. 



Introduction 

In the study of caustics by reflection the cychc points I := [1 : i : 0] and := [1 : —i : 0] play 
an important role (let us write / := (l,i,0) and J := (1, —i,0)). As usual, we denote by i^o the 
infinite line of — p2(c). 

We consider a light point S = [xq : yo : zq] G \ {Z, J} and S := {xq, yo, -^o)- We consider a 
mirror given by an irreducible algebraic curve C = V{F) of P^, with F G C[x, y, z] a homogeneous 
polynomial of degree d > 2. We denote by the class of C. We write ^^(C) the caustic by 
reflection of the mirror curve C with source point S, i.e. the Zariski closure of the envelope of the 
reflected lines of incident lines coming from S after reflection off C. Recall that, when S is finite, 
Quetelet and Dandelin \15\ [8] proved that the caustic by reflection ^^(C) is the evolute of the 
5-centered homothety (with ratio 2) of the pedal of C from S (i.e. the evolute of the orthotomic 
of C with respect to S). This decomposition has also been used in a modern approach by [2l[3lll] 
to study the source genericity (in the real case). 

In [U], Chasles proved that the class of T,s{C) is equal to + d for a generic {C,S). In [T], 
Brocard and Lemoyne gave (without any proof) a more general formula only when S ioo- The 
Brocard and Lemoyne formula appears to be the direct composition of formulas got by Salmon 
and Cayley in [16,, p. 137, 154] for some geometric caracteristics of evolute and pedal curves. 
The formula given by Brocard and Lemoyne is not satisfactory for the following reason. The 
results of Salmon and Cayley apply only to curves having no singularities other than ordinary 
nodes and cusps |16| p. 82], but the pedal of such a curve is not necessarily a curve satisfying the 
same properties. For example, the pedal curve of the rational cubic V{y'^z — x^) from [4 : : 1] is 
a quartic curve with a triple ordinary point. Therefore it is not correct to compose directly the 
formulas got by Salmon and Cayley as Brocard and Lemoyne apparently did (see also appendix 
lA] for a counterexample of the Brocard and Lemoyne formula for the class of the caustic by 
reflection) . 

Let us mention more recent works on the evolute and on its generalization in higher dimension 
[HI [T7] |5] . In [9] , Fantechi gave a necessary and sufficient condition for the birationality of the 
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evolute of a curve and studies the number and type of the singularities of the general evolute. 
Let us insist on the fact that there exist irreducible algebraic curves (other than lines and circles) 
on which the evolute is not birational. This study of evolute is generalized in higher dimension 
by Trifogli in |17| . Catanese and Trifogli gave general formulas for degrees and classes (with 
multiplicity) of focal loci of smooth algebraic varieties [5|. 

The aim of the present paper is to give a general formula for the class (with multiplicity) of the 
caustic by reflection for any algebraic curve C (without any restriction neither on the singularity 
points nor on the flex points) and for any light point S (including the case when S is on the 
infinite line ^oo)- 

In Section [H we state our general formula for the class of caustics by reflection and illustrate 
it with the computation of the class of the caustic by reflection of two particular curves (the 
lemniscate of Bernoulli and the quintic considered in [14j ) . 

In Section [2l we present our approach based on a fundamental lemma for rational map and 
express the class of caustics in terms of intersection numbers. 

In Section [3l we prove our main theorem. 

In section m we characterize the cases in which T,s{C) is reduced to a point. 

In appendix lAl we compare our formula with the one stated by Brocard and Lemoyne. 

In appendix [HI we prove a useful formula expressing the classical intersection number in terms 
of probranches. 

1. Results on the computation of the class of caustics by reflection 

In this paper, we do not consider the cases in which the caustic by reflection ^^(C) is a single 
point. We recall that these cases are easily characterized as follows. 

Proposition 1. Assume that 

(i) S^{1,J}, 

(ii) C is not a line (i.e. 1), 

(iii) if d = 2, then S is not a focus of the conic C. 

Then ^^(C) is not reduced to a point and is an irreducible curve. 

We will deflne a rational map Rf,s : i— )• such that, for a general point m £ C, Rf,s{i^) S 
P^ corresponds to the coefficient of the equation of the refiected line TZm (got by reflection of 
(5m) on C at m). The map Rf,s may be non birational. For this reason, we introduce the notion 
of class with multiplicity of T,s{C): 

mclass(S5(C)) = di{S,C) x class(i;5(C)) 

where class(S5(C)) is the degree of the algebraic curve T,s{C) and where 5i{S,C) is the degree 
of the rational map Rf,s- We recall that 6i{S,C) corresponds to the number of preimages on C 
of a generic point of ^^(C) by Rf,s- 

Before stating our main result, let us introduce some notations. For every mi G P^, we 
write fimi = fJ-mi (C) the multiplicity of mi on C and consider the set Branchmi (^) of branches 
of C at mi. We denote by £ the set of couples point-branch {mi,B) of C with mi G C and 
B E Branchmi{C). For every {mi,B) £ £, we write eg the multiplicity of B and TmiiB) the 
tangent line to B at mi; we observe that firm — ^BeBranchm (C)^B- We write imi(X,T') the 
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intersection number of two curves F and T' at mi. For any algebraic curve C' of V'^, we also 
define the contact number Qrni{C,C') of C and C' at mi G by 

Omi (C, C) := imi (C, C) - /imi (C)/imi (C) if mi G C n C' 

and 

Q™,(C,C'):=0 ifmi^CnC 

Recall that r2mi(C,C') = means that mi ^ C CiC or that C and C intersect transversally at 
mi. 

Theorem 2. Assume that the hypotheses of Proposition{l\hold true. 

(1) If S ^ loo, the class (with multiplicity) ofY,s(C) is given by 

mclass{lls{C)) = 2d'' + d - 2f' - g - f - g' - q' , (1) 

where 

• g is the contact number of C with ioo, i.e. 

9 '•~ ^ ^ ^mi(C,^cxD)) 

miecn^oo 

• f is the multiplicity number at a cyclic point of C with an isotropic line of S, i.e. 

f:=iiiC,iIS))+ijiC,iJS)), 

• /' is the contact number of C with an isotropic line outside {X, ^7,5}, i.e. 

miG(Cn(X<S))\{2,<S} mie{Cn(JS))\{J,S} 

• g' given by 

g' ■.= is{C,{ZS))+is{C,{JS))-iJis; 

• q' is given by 

q':= J2 [i^,{B,rm,m-2eB]. 

{mi,13)€e:mi'^{I,J,S},T^^13=iXS) or Tm^B=(JS), i,^^(B ,%^^{B))>2eB 

(2) If S €z £oo, the class ofT,s(C) is 

mclass{Tis{C)) = 2d^ + d — 2g — fix — l^'j — IJ-s — c'(5), (2) 

with 

c'iS) := + minfe(^, 0.scs{B)) - Se^, 0)), 

BeBranchs{Cy.is{B,eoo)=2eB 

where Oscs{B) is any smooth algebraic osculating curve to B at S (i.e. any smooth 
algebraic curve C such that is{B,C') > 26^). 

The notations introduced in this theorem are directly inspired by those of Salmon and Cayley 
[16) . Let us point out that, in this article, g is not the geometric genus of the curve. 



Observe that, when is{B,Ts{B)) = 2eg, we have mm{is{B,Oscs{B)) — 3e/3,0) = except if 
if 5 is a singular point and if the probranches of B are given 

in the chart X = 1 if xq (or X — i/q^xq = aZ"^ + aiZ^'^ + ... in the chart Y = 1 otherwise), 
with a / 0, ai / and 2 < /3i < 3. Hence c\S) = T.BeBranchs{C):is{BM=2eB ^6 when C admits 
no such branch tangent at S to ^oo- 
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Remark 3. For a generic irreducible plane curve C of degree d and for a generic source point 
S, we have 5i{S,C) = 1 and so mclass(Y,s{C)) = class(Y,s(C)). 

Indeed, given a curve C, for S generic (outside ioo), according to Quetelet and Dandelin [15|[5]. 
the caustic by reflection T,s{C) is the evolute of the S-centered homothety (with ratio 2) of the 
pedal of C from S (i.e. the evolute of the orthotomic of C with respect to S). 

Now, for C generic (when C is not a line), the natural map from C to its pedal V is birational 
(since it admits a finite number of bitangents). Moreover, the S-centered homothety with ratio 2 
is an isomorphism and, according to [9\, the natural map from an algebraic curve to its evolute 
is generically birational (and that, when it is not birational, t is generically 2:1). 

To conclude, we recall that an algebraic irreducible curve of is generically the pedal of an 
algebraic curve (it is the pedal curve of its negative pedal also called orthocaustic) . 

Let us now apply our result by computing the class of caustics by reflection for two particular 
mirror curves. 

Example of the lemniscate of Bernoulli. We consider the case when C = V{F) is the 
lemniscate of Bernoulli given by F{x,y,z) = [x^ + ?/^)^ — 2(x^ — and 5 G \ {X, ^7}. 

The degree of C is d = 4. The singular points of C are : X = [1 : i : 0], ^7 = [1 : — i : 0] and 
O = [0 : : 1]. These three points are double points, each one having two different tangent lines. 
Hence the class of C is given by = d{d — 1)— 3x2 = 6 and so 

2d'^ +d = 16. 

The tangent hues to C at X are li^x ■= V{Y - iZ - iX) and £2,1 := V{Y - iZ + iX) (the 
intersection number of C with ii^x or with ^2,x at X is equal to 4). The tangent lines to C at ^7 
are ii^j := V(Y + iZ — iX) and i2^j := V(Y + iZ + iX) (the intersection number of C with ii^j 
or with ^2, J at is equal to 4). This ensures that we have 

/ = 2(2 + l^e^i,! + l<Se£2,i + ^Seii^j + l^e^a.j)- 

Observe that is not tangent to C. Indeed X and J are the only points in C D ioo and £00 is 
not tangent to C at these points. Therefore we have g = and c'{S) = 0. 

Since X and J are also the only points at which C is tangent to an isotropic line (i.e. a line 
containing X or J'), we have /' = 0, g' = ^s, q' = 0. In this case, one can check that 5i{S, C) = 1. 
Finally, we get 

if 5 £00, class(S5(C)) = 12 - 2{ls(zi^ .^ue2,x + '^Seh,jue2,j) - l^s- (3) 

Morevoer, since /ii = /xj- = 2, we have 

if 5 E £00 \ {I, J}, class(S5(C)) = 16 - 2 - 2 = 12, (4) 

(since fix = fJ-j = 2 and since fig = 0) For example, when 5 = [1 : : 1], we get class(S5(C)) = 8, 
since S is in £2,1 H £i^j but not in C (so = 0). 

1.1. Another example. As in [14], we consider the quintic curve C = V{F) with F{x,y,z) = 
y'^z^ — . We also consider a light point 5 = [xq : 2/0 • -2^0] £ P^ \ {X, J^. This curve admits two 
singular points: Ai := [0 : : 1] and ^2 := [0 : 1 : 0], we have d = 5. 

We recall that, C admits a single branch at Ai, which has multiplicity 2 and which is tangent 
to y = 0. We observe that Ui(C, V{Y)) = 5. 

Analogously, C admits a single branch at ^2) which has multiplicity 3 and which is tangent to 
£oo- We observe that ZyijC^i^oo) = 5. 
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We get that the class of C is (f^ = 5 and that C has no inflexion point (these two facts are 
proved in |[14J). In particular, we get that 2dy + d = 15. 

Since A2 is the only point of C Pi ioo, we get that g = Qa2(C, ioo) = 2 and / = 0. 

The curve C admits six (pairwise distinct) isotropic tangent lines other than ioo- ^1, ^2 and £3 
containing I 



VA;G {1,2,3}, £, 
and £4, ^5 and containing J: 



V {iX -Y + ^a''\^z] , witha:=e 



2i-n 
3 



VfcG {1,2,3}, £3+k = v(^iX + Y + ^a''^Zy 

For every i G {1,2,3,4,5,6}, we write the point at which C is tangent to li (the points 
correspond to the points of C Pi V{F^ ~^ ^y) \ {^i) ^2})- Since C contains no inflexion point and 
since Ai and A2 are the only singular points of C, we get that, 

/' = #{iG {1,2,3,4,5,6} : 5 G \ and g' = 

when S ^ loo- 

Now recall that g' = isiC, (IS)) + isiC, {J^S)) — ^s- Again, in this case, one can check that 
5i{S,C) = 1. If 5 £00, we have 

class(E5(C)) = 13 - 2 X #{i G {1, 2, 3, 4, 5, 6} : 5 G \ {aj} - g' (5) 
and if 5 G loo \ {I, J} , we have 

class(S5(C)) = 11 - 3 X l5=A2- (6) 

We observe that the points of \ {X, J'} belonging to two dictinct Ik are outside C. The set of 
these points is 



k=l 



25 



|-^a'=:|-^/3^a'=:l 
5U 5U 



5U 5(J 



with a = e 3 . Finally, the class of the caustic in the different cases is summarized in the 
following table. 



Condition on 5 G \ {X, J} 


class(S5(C)) = 


S = A2 


8 


S e£ 


9 


5GCnULi(4\{afc}) 


10 


5 G (^00 \ {^2}) U (uLi ^k\{£U C)) U {^1} U {ai, ae} 


11 


cSgC \ (^ooU{^i}uULi4) 


12 


otherwise 


13 



2. Class of caustics expressed in terms of intersection numbers 
Assume that the hypotheses of Proposition [T] hold true. 

We write Sing{C) the set of singular points of C and Reg{C) the set of nonsingular points 
of C. Let us recall that we proved in |14j that, for every m = [x : y : z] £ Reg{C) \ {{S} U 
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ioo), the reflected Hne TZm of the incident hne (Sm) after reflection off C is given by TZ„ 
Vi{pF,s{x,y,z),-))Ewith 

/ z{zoy - zyo){F^ - F^) + 2z{zxq - zox)F^Fy 

PF,six, y,z) = z{zox - zxq){F'^ - F^) + 2z{zQy - zyo)F^Fy 

\ {xzyo + yzxo - 2zoxy){F^ - F^) + 2{yzyo - xzxq + zqx'^ - ZQy'^)FxFy 

Now using the fact that xFx + yFy + zFz = on C, we get that 

PF,s{x,y,z) = z.RF,s{x,y,z), 

with 

/ {zoy - zyo)iF^ + Fy) + 2zAsF.Fy 
Rf,s{x^ ■■= (^^0 - zox){F^ + F^) - 2zAsF.F, 

\ {xyo - yxo){F^ + F^) - 2AsF{-xFy - yF,) 

with A(j.j := xiFx + UiFy + ziFz- This can be rewritten 

Rf,s = id/\ [AiFAjF.S - AsFAjF.J - AsFAjF.I] . 

We observe that Rf,s defines a rational map Rf,s a.nd that its coordinates RF,s,iy Rf,S,2, Rf,S,3 
are homogeneous polynomials of C[x, y, z] of degree 2d—l. As usual we write Base{{RF,s)\c) '■ — 
C n V{Rf,s,i) n V{Rf,s,2) n V{Rf,s,3)- For completness, we mention that we can easily identify 
these base points (by solving a simple linear system). 

Proposition 4. The base points of {Rf,s)\c '^'^^ the following. ■ 

I, J , S (if these points are in C), the singular points of C and the non-singular points of C 
with tangent line (IS), {JS) or {XJ) (= ioo)- 

Observe that this result is also a direct consequence of our technical Lemma [9l Indeed these 
base points are the points mi S C such that V^i + ^mi 7^ (see section [3]). 

In |14| , we have defined a rational map <I> f,s mapping every m G C to the corresponding point 
of Tis{C) and such that ^^(C) is the Zariski closure of ^f.s{C-)- 

Proposition 5. We have 



class{lls{C)) = deg{RF,s{C)), (7) 



where RF^siC) stands for the Zariski closure of Rf^s{C-)- 

Proof. This comes from the fact that ^^(C) is the Zariski closure of the envelope of {TZm, ^ 
Reg(C) \ ({5} U £00} and can be precised as follows. Let us write, for every algebraic curve 
r = V{G) (with homogeneous G in C[x,y,z]), the Gauss map 6r ■ IP^ — > IP^ defined by 
6r{[x : y : z]) = [Gx '■ Gy : Gz], we get immediately the diagram 

p2 ^ p2 
Rf,s 

p2 



Vth ((a, h, c), {X, Y, Z)) =aX + bY + cZ 

I Z2yi - ziy2 

*^with notation (xi, yi, zi) A {x2, 1/2, 22) ~ I ziX2 — Z2X1 

\ xiy2 — yiX2 
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Rf,s . (8) 



5s,(c)(S5(C)) = (5]5(C)) 



V 



□ 



Let us notice that, according to the proof of Proposition O the rational map Rf,s ^ the same 
degree as the rational map ^f,s (since T,s{C) is irreducible and since the Gauss map ((5s5(C))|E5(C) 
is birational [lOj). 



To compute the degree of Rf,s{C), we will use the fundamental lemma given in Let us 

first recall the definition of (/3-polar introduced in [14| and extending the notion of polar. 



Definition 6. Let p > 1, q > 1. Given 93 : — P"? a rational map defined by ip = [ipQ : • • • : ipq] 
(with ipj £ C[xo,xi, ...,Xp] homogeneous of common degree d) and a = [gq : ■ ■ ■ : Ug] £ P'', we 
define the ip-polar at a, denoted by V^p^a, the hypersurface of degree d given by 



0=0 



With this definition, the "classical" polar of a curve C = V{F) of P^ (for some homogeneous 
polynomial F £ C[x, y, z]) at a is the 5c-polar curve at a, where 6c '■ [x : y : z] [Fx : Fy : F^]. 



Definition 7. We call reflected polar (or r-polar) of the plane curve C with respect to 

5 at a the Rp^s-polar at a, i.e. the curve 'Pg\{C) := g^a- 



From a geometric point of view, 'P^\{C) is an algebraic curve such that, for every m E 

Cr\'Pg\{C), Rm contains a (if Rm is well defined), this means that line (am) is tangent to ^^(C) 
at the point m' = <I>i?^5'(m) G '^siC) associated to m (see picture). 
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Let us now recall the statement of the fundamental lemma proved in |14) . 

Lemma 2.1 (Fundamental lemma [14]). Let C be an irreducible algebraic curve ofW and ip : 
pp IP? (J rational map given by ip = [ipQ ipq], with ipQ,...,ipq £ C[x(), Xp] some 

homogeneous polynomials of degree 5. Assume that C ^ Base{(p) and that if^c degree 6i E 
N U {oo}. Then, for generic a = [oq : • • • : a^] € P'^, the following formula holds true 

5i.deg (^(p{C)^ = 5.deg(C) - ^ v(C,P^,a), 
with convention O.oo = and deg{ip(C)) = if ^(p{C) < oo. 



With the notations of this lemma, we define mdeg(99(C)) := 6i.deg yp{C)j , this quantity 

corresponds to the degree with multiplicity of (p{C). Thanks to this lemma, we get a first 
formula for the class (with multiplicity) of the caustic by refiection T,s{C). Indeed we have 

mclass(S5(C)) =mdeg(i?^)) = d(2d-l)- i^, (C, P^';i(C)). (9) 

mieBase{{RF,s)\c) 

3. Proof of theorem E] 

Formula Q expresses the class of the caustic by reflection T,s{C) in terms of intersection 
numbers. 

Now, we enter in the most technical stuff which is the computation of the intersection numbers 
^mi (C, P^'^^(C)) of C with its reflected polar at the base points of Rf,s- To compute these 
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intersection numbers, it will be useful to observe the form of the image of Rf,s by linear changes 
of variable. 



Proposition 8. Let M G GL{C^). We h 



ave 



Rks o M = Com{M) . RfrMM%]^'^^' 
with Com{M) := det{M).^M-^ and 

R^^p ■= id A [AaGAbG.S' - As'GAaG.B - As'GAbG.A] 



Proof. This comes from the fact that M{U)AM{V) = {Com{M)){UAV) and Am{u){F){M{P)) = 
Au{FoM){P). □ 

Let mi be a base point of C and M G GL{C^) be such that n(M(0, 0, 1)) = mi and such that 
the tangent cone of V{F o M) at [0 : : 1] does not contain X = 0. Let firm be the multiplicity 
of mi in C. We recall that mi is a singular point of C if and only if fimi > 1- Then, for every 
a G P^, writing a' := det{M)M~^{a), we have 

im^Cy^liC)) = i„,AC,V{{a,RF,s{-m 

= i[0:0:i]{V{F o M), V{{a, Rf,s o M{-)))) 

= ^[o■.0:l]{V{F o M), V{{a', R'~Zli%]^'^\-)))) 

2^ HO:0:l]{l^,V[{a ,RfoM,M-HS) 

BeBranchio,0,l] (V(FoM)) 

where Branch[Q.Q.i^(V{F o M)) is the set of branches of V{FoM) at [0 : : 1]. The last equality 
comes from Proposition [TOl proved in appendix (see formula (jl3p ). Let b be the number of such 
branches. Of course, 6 = 1 for non-singular points. We write eg the multiplicity of the branch 
B, we have /i^, = Y.BeBranchio..o:i]{V{FoM)) ^^B- Now, as seen in [H], for every homogeneous 
polynomial G, b and «[o:0:i]('^i V {G o M)) do not depend on M chosen as above and we can adapt 
the choice of M to each of our branch. 

Let us write C{xn') and C(x^,y) the rings of convergent power series of x^' ,y. Let C{x*) : = 
|Jjy>j^C(xiv) and C{x*,y) := {Jj^^^C{x7^ ,y) . For every h = YlqeQ'^q^'^ ^ we define the 

valuation of h as follows: 

val{h) := valx{h{x)) := m.m{q G Q, aq ^ 0}. 

Let ;B be a branch of V{F o M) at [0 : : 1]. In the following, M is such that the tangent line 
to ^ at [0 : : 1] is y = 0. Let A := M-'^{I), B := M-^{J) and S' := M~^{S). Let Tb be 
the tangent line to S at [0:0:1]. Branch B can be splitted in eg pro- branches with equations 
y = 9i,B{x) in the chart z = 1 (for i G {1, ...,eg}) with gi G C{x*) having (rational) valuation 
larger than 1 (so 5^(0) = 0). For j G {1, eg/}, consider also the equations y = gj^igi^x) (in the 
chart z = 1) of the pro-branches Vj^g' for each branch B' G Branch[Q.Q.^{V{FoAI)). This notion 
of pro-branches comes from the combination of the Weierstrass and the Puiseux theorems. It 
has been used namely by Halphen in [12j and by Wall in |19j . One can also see [14] . There exists 
a unit U oiC{x,y) such that the following equality holds true in C{x*,y) 

eg/ 

F{M{x,y,l)) = U{x,y) J] J](y _ 5^.^, (:,)). 

B'€Branch[o:0:l] {V{FoM)) j=l 
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For a generic a (with a' := det{M)M ^(a)), using the definition of intersection number of a 
branch with a curve (see |19j and (fn|) ). we get 



i](e,F((a',4t25,(-)») = ^mZ,(((a',4tM!5'(^'5.,s(x),l)) 



> min valx 



R 



iA,B) 

FoM,M~^{S) 



i(S)ix^9LB{x), 1) 



The quantity val^ ( [-R^m^m-i(5)*^^' 9i,B{x), 1) 



can be understood as the intersection number 



at [0 : : 1] of pro-branch Vj^g with V 
have 



R 



{A,B) 

FoM,M~^(S) 



. Observe that, for every nii £ C, we 



eg 



44> 



44> 



Emin ua/x 
i=l,2,3 



> 



> > min 

^ ^ i=l,2,2 



vaL 



B' i=l 



^FoM,M-'^{S)^^^ 9i,B{x), 1) 



> 0. 



Therefore, Formula {[91) becomes 



mclass(S5(C)) := d{2d - ^) - J2 

min ua/r 



^FoM,M-'^{S)^^^ 9i,B{x), 1) 



(10) 



where, for every rrii £ C, M depends on mi and is as above, where the sum is over B G 
Branch[o:0:i]ivlF o M)). 

It win be useful to notice that, for every P = {xp, yp, zp) G \ {0}, we have 

{AMiP)F)oM{x,gi^B{x),l) = Ap{FoM)ix,gi,B{x)A) = A,s(a;)^p,i,B(x), 

with 

Wp^i^six) ■■= yp - g'i^is{x)xp + zp{xg[ j^{x) - gi,B{x)) 

and with A,b(x) := t^(a;, 5i,H(2;)) ne'eBranch[o.O:i](V{FoM)) Wj=l,...,egr.{B',jmB,i)i9i,B{x)-gj^B'{x))- 



Hence we have 
with 



R^FoM S'^^^9i,B{x),l) ■= {Di,B)'^.Ri,B{x), 



[ID 



RiMx) := 1^ gi,B{x) jA[WAMx)WB,^M^).S' -Ws',^M^)WAMx).B-Ws',^Mx)WB4Mx).A^ 

Let us write 

hmi,i,B ■= mm{val{[Ri^B]j), 3 = 1,2,3) and 

With the notations of [H] (since C/(0,0) / 0), we have 



^ '^hmi,i,B- 

B&Branch[o,o,i^{V{FoM)) i=l 



Be_Branc/i[o;0;i](V(-PoM)) i=l 



ON THE CLASS OF CAUSTICS BY REFLECTION 11 

which is nuU if nii is a non-singular point of C. With these notations, thanks to (|lip . formula 
(IIOD becomes 



mdassCEsiC)) = 2d{d - 1) + d - 2 ^ - ^ hm^. 

miGSing{C) miSC 

Moreover, as noticed in [14|, we have 

d{d-i)- Yl y'm, = d^, 

mi£Sing{C) 

where is the class of C. Therefore, we get 



'mclass{T,s{C)) = + d — /imi 

miGC 



Theorem [2] comes now directly from the computation of hm^^i^B given in following result. 
Lemma 9. Let mi G C. We have 

• Et=ihrm,i,B = Oif#{rBn{I,J,S}) = l and mi ^ {I, J, S}. 

• Et=lhm^,^,B = eB if #{Tb D {I , J , S}) = 1 and mi e {I , J , S} . 

• Z]i=i^mi,i,B = imi{S,TB) + inm{imi {B , Tb) - 2eB,0) ifTB = {IS), J ^ Tb and mi 
{I,S}. 

YA=ihmi,i,B = imiiB,TB) + min(i„i Tg) - 2eB,0) if Tb = {JS), T ^ Tb and 
mi^^{J,S}. 

• I]i=i hmi,i,B = imiiS,TB) if Tb = (IS), J ^ Tb and mi G {1,5}. 

X;2i hmi,i,B = ■imAS,TB) if Tb = (JS), I ^ Tb and mi £ {J,S}. 
Y^t=i hmi,i,B = imi (S, Tb) -eB ifTB = (IJ), that S ^ Tb and mi {X, J}. 
Y^'i=i hmi,i,B = imiiSjTB) if Tb = {U) , that S ^Tb and mi £ {I, J}. 
^1=1 f^mi,i,B = 2imiiB,TB) - 2eB ifI,J,S gTb and mi ^ {I,J,S}. 
X;2i hmi,i,B = 2imiiS,TB) - eg ifI,J,S £Tb and mi £ {I, J}. 
Y^t=i hmi,i,B = 2imAS,TB) - eg ifI,J,S £Tb, mi=S and imi{S,TB) / 2eB- 
Y^t=i^rni,i,B = eB(l + mhi(/3i,3)) ifZ,J,S £ Tb, mi = S and imi{B,TB) = 2eB, 
where /3i is the degree of the lowest degree term of gi^B of degree larger than 2, i.e. 
^B^i = iniii^ ^ O sCmxi^)) , where OsCmiiB) is any osculating smooth algebraic curve to 
B at mi (which is well-defined since imiiB,TB) > SegJ. 

Observe that the points mi £ C that are not base points of Rf,s are the non-singular points 
of C such that /i^i = 0. 

Proof. To simplify notations, we ommit indices B and consider i G {1, eg}. 

(1) Suppose that I,J',S^ Tb. 

Then Wb,M = / 0, Wa,M = yA^O and Ws',iiO) =ys'^0 so 

Ri{0) = ( 0^ A[yAyB-S' -yAys'-B-yBys'-A] 

yAyBys' 
yAVBXs' - yAys'XB - yBys'XA 


Hence hmi,i,B = and the sum over i = 1, eg of these quantities is equal to 0. 
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(2) Suppose that T G 7h, J,S ^Tb and mi / X. 
Take M such that S" = (0,1,0), A = (1,0,0), 7^ 0. We have WB,i(0) = ys, 

WA,iiO) = and Ws',iiO) = 1 and so 

i?i(0) = I I A I I = I -yB 

Hence hmj,i,t3 = and the sum over i = 1, eg of these quantities is equal to 0. 

(3) Suppose that I G Tb, J^,S ^ Tb and mi = Z. 
Take M such that S' = (0,1,0), A = (0,0,1), ys / 0. We have WB,iix) = ys 

g'i{x)xB + ZB{xg[{x) - gi{x)), WA,i{x) = xg'^{x) - gi{x) and Ws',i{x) = 1 and so 

^ \ ( -{xg'iix) - gi)xB 

Ri{x) = ( g.,{x) Ia {xg[{x) - gi){-g'Xx)xB + ZB{xg[{x?) - g:,{x))) 
1 / \ -VB + g'i{x)xB - 2zB{xg[{x) - gi{x)) 

-ysgiix) + x{g'i{x)fxB - ZBiixg'iix))^ - igiix)f) 
-XB{2xg-ix) - gi{x)) + xyB + 2xzB{xg[{x) - gi{x)) 
-xsixg-ix) - gi{x)f + ZB{xg[{x) - gi{x)) 

the valuation of the coordinates of which are larger than or equal to 1 and the valuation 
of the second coordinate is 1. 

Hence hmi,i,B = 1 and the sum over i = 1, eg of these quantities is equal to eg. 

(4) Suppose that S G Tb, Z^J^Tb and mi 7^ S. 
Take M such that A = (0,1,0), S' = (1,0,0), ys ^ 0. We have WB,i{^) = 7^ 0, 

Wsi,i{Q) = and WA,iiO) = 1 and so 



VB 



Hence hmi,i,B = and the sum over i = 1, eg of these quantities is equal to 0. 

(5) Suppose that mi = S and X,J^Tb- 
Take M such that S' = (0,0,1), A = (0,1,0), ys ^ 0. We have WB,i{x) = ys 

g'i{x)xB + ZB{xg[{x) - gi{x)), Ws'^i{x) = xg-{x) - gi{x) and WA,i{x) = 1 and so 

a: \ / -{xg-{x) - gi)xB 

Ri{x) = ( gi{x) I A -{xg[{x) - gi{x)){2yB - g'i{x)xB + ZB{xg[{x) - gi{x))) 
1 / \ yB-g'i{x)xB 

gi{x){yB - g'i{x)xB) + {xg[{x) - gi{x)){2yB - g'i{x)xB + ZB{xg[{x) - gi{x))) 
-{xg'^x) - gi{x))xB - x{yB - g'i{x)xB) 
-{xg[{x) - gi{x)){2xyB - g-{x)xxB + ZBx{xg[{x) - gi{x)) + gi{x){xg'^{x) - gi{x))xB) 

the valuation of the coordinates of which are larger than or equal to 1 and the valuation 
of the second coordinate is 1. 

Hence hmi,i,B = 1 and the sum over i = 1, eg of these quantities is equal to eg. 

(6) Suppose that Tb = (XiS), that J ^Tb and mi ^ {X,S}. 
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Take M such that S' = (1,0,0), B = (0,1,0), va = 0, xa 0, za 0. We have 
Ws',iix) = -g'iix), WA,i{x) = -g'i{x)xA + ZAixg'iix) - gi{x)) and WB,i{x) = 1 and so 



Ri{x) 




ZA{xg[{x) - gi{x)) 
-{g[{x)fxA+ g'i{x){xg[{x) - gi{x))zA 
9'i{x)zA 

9i{x)g'i{x)zA + {g[{x)fxA - g'i{x){xg[{x) - gi{x))zA 

-gi{x)zA 
-x{gl{x) fxA + (xg'iix) - gi{x))'^ZA 



the valuation of the coordinates of which are respectively 2val{gi) — 2, val{gi) and 
2val{gi) - 1. 

Hence hmi,i,B = vcLl{gi) + mm{val{gi) — 2,0) and the sum over i = l,...,eis of these 
quantities is equal to imj {B, Tb) + niin(im^ {B, Tb) — 2eB, 0). 
(7) Suppose that Tb = {^<S), that J ^Tb and mi = I. 

Take M such that S' = (1,0,0), B = (0,1,0), A = (0,0,1). We have Ws',i{x) = 
-g'iix), WA,iix) = xg[{x) - gi{x) and WB,i{x) = 1 and so 




xg'iix) - giix) 
9iix)ixg'iix) - giix)) 
9'iix) 



9iix)i2giix) - xg'iix)) 

-giix) 
ixg'iix) - giix))^ 



the valuation of the coordinates of which are larger than or equal to valigi), the second 
coordinate has valuation valigi). 

Hence hmi,i,B = valigi) and the sum over i = 1, ...,eB of these quantities is equal to 

■inn iB,TB)- 

(8) Suppose that Tb = i^'S), that J ^Tb and mi = S. 

Take M such that A = (1,0,0), B = (0,1,0), S' = (0,0,1). We have Ws',iix) = 
xg'iix) - giix), WA,iix) = -£?-(x) and WB,iix) = 1 and so 



Riix) = 




the valuation of the coordinates of which being larger than or equal to valigi) and the 
valuation of the second coordinate is equal to valigi). 

Hence hmi,i,B = valigi) and the sum over i = l,...,eB of these quantities is equal to 

imiiB,TB). 

(9) Suppose that Tb = i^J), that 5 ^ 7s and mi ^ {I, J}. 
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Take M such that S' = (0,1,0), B = (1,0,0), va = 0, xa 0, za 0. We have 
WB,iix) = -g'iix), WA,iix) = -g-{x)xA + ZA{xg[{x) - gi{x)) and Ws',i{x) = 1 and so 



2g[{x)xA - ZA{xg[{x) - gi{x)) 
Ri{x) = I gi{x) IaI {g'^{x)yxA- g'i{x){xg'i{x) - gi{x))zA 

{gl{x))'^{xzA - xa) 
'lg[{x)xA - ZAi2xg-{x) - gi{x)) 
-ZA{xg[{x) - gi{x)f + XAg'i{x){xg[{x) - 2gi{x)) 



the valuation of the coordinates of which are respectively 2val{gi) — 2, val{gi) — 1 and 
larger than val{gi). Hence hmi,i,B = val{gi) — 1 and the sum over i = 1, ■■■,eB of these 
quantities is equal to imj {B, Tb) — eg. 
(10) Suppose that Tb = {TJ), that S ^Tb and mi = X. 

Take M such that 5' = (0,1,0), B = (1,0,0), A = (0,0,1). We have WB,i{x) = 
-g'iix), WA,i{x) = xg[{x) - gi{x) and Ws',i{x) = 1 and so 



Ri{x) 




-(xg'iix) - gi{x)) 
-9'i{x){xg'i{x) - gi{x)) 
5^(x) 

x{g'i{x))'^ 
-i2xg-{x) - gi{x)) 
-{xg'iix) -gi{x)f 



the valuation of the coordinates of which being larger than or equal to val{gi) and the 
valuation of the second coordinate is equal to val{gi). 

Hence hmi,i,B = val{gi) and the sum over i = l,...,eB of these quantities is equal to 

(11) Suppose that I,J',S£Tb and rrii ^ {I,J',S}. 

Take M such that S' = (1,0,0), va = Vb = 0, xa za 0, xb zb 0, 

XAZB / XBZA- 

We have Ws'^i{x) = -g[(x), WA.iix) = -g-{x)xA + ZAixg'^ix) - gi{x)) and WB,i{x) = 
-g[{x)xB + ZB{xg[{x) - gi{x)) and so 



X \ / -XA{g'i{x)fxB + ZAZB{xg[{x) - gi{x)f 

Ri{x) = I gi{x) A 

1 / \-{g'i{x)f{xzB + XBZA)A + '2,ZAZBg'i{x){xg[{x)-gi{x)) 

-gi{x){g'i{x)f{xzB + xbza)a + 2zAZBgi{x)g'i{x){xg[{x) - gi{x)) 
-XA{g'i{x)fxB + ZAZB{xg'i{x) - gi{x) f ~ x[....] 
X Agi{x) {g'iix) fxB - ZAZBgi{x){xg[{x) - giix))^ 



the valuation of the coordinates of which are larger than or equal to 2val{gi) — 2, the 

valuation of the second coodinate is 2val{gi) — 2. Hence /imi,i,B = 2val{gi) — 2 and the 
sum over i = 1, ...,65 of these quantities is equal to 2imi{l3,TB) — 2eB- 
(12) Suppose that X, G 7s and mi = J. 

Take M such that B = (0,0, 1), S' = (1,0,0), = 0, / and za / 0. We have 
Ws',iix) = -g'iix), WA,iix) = -g'iix)xA+ZA{xg'i{x)-gi{x)) and WB,i{x) = xg'i{x)-gi{x) 
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and so 

X \ / ZA{xg'i{x) - gi{x)f 

R^{X) = I g^{x) A 

1 / \ -XA{g[{x)f + 2zA{xg[{x) - g^{x))g[{x) 

9i{x)g'i{x){-g'i{x)xA + 2zA{xg'i{x) - gi{x))) 
ZA{xg[{x) - gi{x)f - xg[{x){-g[{x)xA + 2zA{xg[{x) - gi{x))) 
-gi{x)zA{xg[{x) - gi{x)f 

the valuation of the coordinates of which are larger than or equal to 2val{gi) — 1 and the 
valuation of the second coordinate is 2val{gi) — 1. 

Hence hmi,i,B = 2val{gi) — 1 and the sum over i = 1, eg of these quantities is equal 
to 2ira^{B,TB) - ei3- 
(13) Suppose that X, ^7,5 G Tg and nii = S. 

Take M such that S' = (0,0, 1), B = (1,0,0), yA = 0, xa 7^ and za / 0. We have 
WB,i{x) = -g'iix), WA,i{x) = -g'-{x)xA+ZA{xgi{x)-gi{x)) and Ws',iix) = xg[{x)-gi{x) 
and so 

X \ / 2xAg'i{x){xg[{x) - gi{x)) - ZA{xg[{x) - gi{x)f 
Ri{x) = I gi{x) A 

1 / V {9[{x)fxA 

gi{x){g[{x)fxA 
XAg'i{x){xg[{x) - 2gi{x)) - ZA{xg[{x) - gi{x)f 
-2xAgi{x)g'i{x){xg[{x) - gi{x)) + ZAgi{x){xg[{x) - gi{x)f 

The valuation of the first coordinate is 3val{gi) — 2 is smaller than or equal to the valuation 
of the third coordinate. 

Now, if val{gi) 7^ 2, the valuation of the second coordinate is 2val{gi) — 1; hence 
hmi,i,B = 2val{gi) — 1 and the sum over i = l,...,ee of these quantities is equal to 

Suppose now that val{gi) = 2, then 3val{gi) — 2 = 4 and there exist a,ai £ C and 
/3i > 2 such that gi{x) = ax"^ + aix^^ + .... Then, the second coordinate has the following 
form 

(x^2a(/3i-2)x^i+i + ...)+x^(...). 

Therefore hmi,i,B = min(/3i + 1,4) and the sum over i = l,...,eB of these quantities is 
equal to 6^(1 + min(/3i, 3)). 

□ 



4. Proof of Proposition \T\ 
Observe that Si(C) = {J} and ^j{C) = {1}. 

Assume (i), (ii) and (iii) and that Tis{C) = {S'} with S' = [xi : yi : zi]. 

When S ^ £ 00, we will use the fact that Yjg(C) is the evolute of the orthotomic of C with 
respect to S. Since C is not a line, the orthotomic of C with respect to S is not reduced to a 
point but its evolute is a point. This implies that the orthotomic of C with respect to S is either 
a line (not equal to ioo) or a circle. But C is the contrapedal (or orthocaustic) curve (from S) of 
the image by the 5-centered homothety (with ratio 1/2) of the orthotomic of C. Therefore d = 2 
and 5 is a focal point of C, which contradicts (iii). 

When S G l^o but S' then, for symetry reasons, we also have ^^/(C) = {5} and we 
conclude analogously. 
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Suppose now that S,S' G 
have (see for example |14) ) 



We have zq = zi = 0. For every m = [x : y : 1] € C \ 



we 



/5 



Xo 

yo 





y 
Fx 




1 
i 




1 




" Fy 


—i 


)='( 


-Fx 











Xi 

yi 





/3 being the cross-ratio. Therefore we have 

{ixp - yo){-iFy + 



{iFy + Fx){-ixi - yi] 
{iFy + Fx){-ixQ - yo) {-iFy + Fx){ixi - yi] 



and so 

(ixQ - yo){ixi - yi){-iFy + Fxf = {iFy + Fxf{-ixQ - yo){-ixi - yi). 

Now, according to (i), ixo — yo / 0, —ixq — yo / 0, ixi — yi 7^ 0, —ixi — yi 7^ 0. Hence 
{—iFy + -Fa;)^ = a{iFy + -Fx)^ for some a 7^ 0, which imphes that d = 1 and contradicts (ii). 

Hence we proved that ^^(C) is not reduced to a point. Now the irreducibihty of ^^(C) comes 
from the fact that ^^(C) = ^f^s{C) with a rational map and C an irreducible curve. 



Appendix A. About the formulas of Brocard and Lemoyne and of Salmon and 

Cayley 

Recall that, when S ioo, '^s{C) is the evolute of an homothetic of the pedal of C from S. 

The work of Salmon and Cayley is under ordinary Pliicker conditions (no hyper-flex, no sin- 
gularities other than ordinary cups and ordinary nodes). In [16^ p. 137], Salmon and Cayley gave 
the following formula for the class of the evolute : 

n' = m + n — f — g. 

Replace now m, n, / and g by M, N, F and G (respectively) given in p. 154] for the 
pedal. Doing so, one exactly get (with the same notations) the formula of the class of caustics 
by reflection given by Brocard and Lemoyne in [H p. 114]. 

As explained in introduction, this composition of formulas of Salmon and Cayley is incorrect 
because of the non-conservation of the Pliicker conditions by the pedal transformation. Never- 
theless, for completeness sake, let us present the Brocard and Lemoyne formula and compare it 
with our formula. Brocard and Lemoyne gave the following formula for the class of the caustic 
by reflection Tis{C) when S ioo- 

class{^s{C)) = d + 2(d^ - /') -g-f-g' + q', (12) 

for an algebraic curve C of degree d, of class d^, g times tangent to passing / times through 
a cyclic point, /' times tangent to an isotropic line of S, passing g' times through S, q' being the 
coincidence number of contact points when an isotropic line is multiply tangent. In J16|, q' is 
defined as the coincidence number of tangents at points ii, L2 of P^^ (corresponding to (XcS) and 
{JS)) if these points are multiple points of the image of C by the polar reciprocal transformation 
with center 5; i.e. q' represents the number of ordinary flexes of C. 

When S let us compare terms appearing in our formula ([T| with terms of p2|) : 

• g seems to be equal to g] 

• it seems that f = fJ-x + f^j and so 

f = f + ni{c,{is)) + nj{c,{js)); 
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• it seems that /' = EmiGCn(X5) ^mAC, (IS)) + EmiGCn(j5) ^mdC, (J ■S)) and so 

/' := /' - nxiC, (IS)) - QjiC iJS)) - QjiC iJS)) - QsiC, {JS)); 

• it seems that g' = fig, therefore 

g' ■.= g' + nsiC,iIS)) + nsiC,iJS)); 

• our definition of q' appears as an extension of q' (except that we exclude the points 
mi G {I,J,S}). 

Observe that these terms coincide with the definition of Brocard and Lemoyne if (IS) and (JS) 
are not tangent to C at 5, X, J'. 

A counterexample to the formula of Brocard and Lemoyne. Let us consider the non- 
singular quartic curve C = V{2yz'^ + 2z^y'^ + 2zy^ + 2y^ — 2^x + 2zyx^ + hy'^x^ + 3x^) and 
5 = [0 : : 1]. 

This curve C has degree d = 4 and class = 4 x 3 = 12, is not tangent to is tangent to 
{SX) at X and nowhere else, is tangent to {SJ) at J and nowhere else; these tangent points are 
ordinary. 5 is a non singular point of C. 

Therefore, with our definitions, we have 

5 = 0, / = 2 + 2 = 4, /' = 0, 5' = 1 + 1 - 1 = 1, 'Z' = 0. 

which gives 

class(S5(C)) = 4 + 2(12 -0) - 0- 4-1-0 = 23, 
since in this case 5i{S,C) = 1. 

In comparison, the Brocard and Lemoyne formula would give ^ = 0, / = 1 + 1 = 2, /' = 
1 + 1 = 2, 5' = 1, = and so class(S5(C)) = 4 + 2(12 - 2) - - 2 - 1 - = 21. 

Appendix B. Intersection numbers of curves and pro-branches 

The following result expresses the classical intersection number Zm^(C,C') defined in |13.' p. 
54] thanks to the use of probranches. 

Proposition 10. Let m G P^. Let C = V{F) and C = V{F') he two algebraic plane curves 
containing m, with homogeneous polynomials F,F' G C[A, y, Z]. Let M G GL(C'^) be such that 
n(M(0, 0, 1)) = m and such that the tangent cones ofV{FoM) and ofV{F'oM) do not contain 
X = 0. 

Assume that V{F o M) admits b branches at [0 : : 1] and that its f3-th branch Bjj has 
multiplicity e^. Assume that V{F' oM) admits b' branches at [0 : : 1] and that its f3'-th branch 
B'p, has multiplicity e^, . 

Then we have 

b (^D-^ b' '^'r)'~^ J 1 

13=1 j=0 (S'=l j'=0 

1 

with y = hp{C,^x''i^) G C(a;*) an equation of the j-th probranch of Bp [0 : : 1], y = 
h'p,{C,''' X ^' ) G C(x*) an equation of the k'-th probranch of B'^, ai [0 : : 1], with C, := e^i^ 

2iT: 

and C := e"^ . 
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With the notations of Proposition [101 we get 

b 

i„,{C,C') = Y.Ho-0:i]iBp,V{F')), (13) 

/3=1 

with the usual definition given in fT9] of intersection number of a branch with a curve 

i[0:0:i]{B^,V{F'oM)) = vaUF'oM{x,hj^^{Cx^'^))). (14) 

j=0 

Proof of Proposition[W[ By definition, the intersection number is defined by 

UC. C) = if,,,,iV(F o M, F' o M) = length ^^^^"^ 

where ( (f'^m F'^M) ) {^,y,Z) is the local ring in the maximal ideal {X, Y, Z) of [0 : : 1] [13, p. 53]. 
According to |11| . we have 



Zm(C,C') = dime 



c[x,y,z] 

(FoM,F'oM)/(^_^_^)^ 



Let /,/' be defined by /(x,y) = FoM(x,7/,l), f'{x,y) = F' o M{x,y,l). We get 

'C[x,y]\ \ C{x,y) 



i„(C.C') = dime (S2|d) = dime 



(JJ'))t,.,)j "U.J')' 

Recall that, according to the Weierstrass preparation theorem, there exist two units U and U' 
of C{x, y) and /i, /;,, /(, G C{x)[y] monic irreducible such that 

b b' 
f = Ul[fp and f' = U'llf'^„ 

13=1 (3'=1 

//3 = being an equation of Bfs and = being an equation of . According to the Puiseux 
theorem, Bjs (resp. B'^,) admits a parametrization 

X = t''P f X = f'p' ^ 

X = hp{t) E C{t) ^'"^'P- \x = h'^,{t) G C{t) 

1 1 

We know that, for every (3 G {1,..,6} and every j £ {0, ..,e^}, hp{C,^x''i^) G C{x''P) are the 

1 1 

y-roots of (resp. hpi{C,'-' x"^' ) G C{x^P' ) are the y-roots of /^/). In particular, we have 



j=0 j'=0 
Therefore we have the following sequence of C-algebra-isomorphisms: 

b 



'C{x,y) ^ <C{x,y) ^ Y\ A 

(f^f) (n^=i/Mx,2/),/'(x,2/)) ^' 
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C{x,y) 



where := (/^(^ y) f ^x y)) • ^ ^ ■■■,b}. We observe that we have 



,=0 if'ix,h0i^^x-^^))) 
On another hand, we have 



,r , y) ■'U.,x ' .y) 



J=o {y - hfi iC^x^^ ),f'ix,y)) 1=0 



with 

C{x^) 



{f'{x,hp{C^x^^))) 

We consider now the natural extension of rings ip : Ap^j ^ D^j such that 

G Ap, val^i/ep {{ii3{g)){x)) = epvalx{g{x)). 

We have 

where vp is the valuation in x^P of (/'(x, hj3{C,^x'"^ ))), i.e. 

:= valtif'{t'^,h^{CH))) = /i^(C^a;^))). 

We get 

b b es-1 

i^ic,c') = 5;dimcA^ = 5]5;-m/^(/'(^'^^/l^(C^^))) 

P=l 0=1 j=o 

b b e/3-1 b' ^ 

= E E valM'ix,h^{ex^))) = E E E valAf'0^ix,h^{C'x^))). 

/3=1 j=0 13=1 j=0 /3'=1 

Observe now that 

valx{f'f3,{x,hfs{C^x^))) e -n 

and that 

^'^'-^ 1 

j'=0 

where Res denotes the resultant and where = means "up to a non zero scalar". Finally, we get 

b ^0-1 y ^0/-^ 1 ^ 

z^(C,C') = EE E E valx[h'p,{C'''x^)-hp{C^x^)]. 
/9=1 j=o P'=l j'=0 

□ 
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